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Abstract 

We study = 1 super Liouville theory on worldsheets with and without boundary. Some 
basic correlation functions on a sphere or a disc are obtained using the properties of degenerate 
representations of superconformal algebra. Boundary states are classified by using the modular 
transformation property of annulus partition functions, but there are some of those whose wave 
functions cannot be obtained from the analysis of modular property. There are two ways of 
putting boundary condition on supercurrent, and it turns out that the two choices lead to 
different boundary states in quality. Some properties of boundary vertex operators are also 
presented. The boundary degenerate operators are shown to connect two boundary states in a 
way shghtly complicated than the bosonic case. 
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1. Introduction 



Conformal field theories on worldsheets with boundary play an important role in under- 
standing some aspects of string theory, since it gives a worldsheet description of D-branes. 
Conformal field theories in general have large symmetry which includes Virasoro symmetry, 
and they are generated by holomorphic currents. On worldsheets without boundary there are 
two copies of the same symmetry algebra corresponding to the left- and the right-moving sec- 
tors, and on the boundary of worldsheets the two are related to each other by certain boundary 
condition which preserves one copy of the symmetry algebra. From the representation theo- 
retical point of view the classification of boundary states reduces to that of possible boundary 
conditions and their solutions. 

On the other hand, some conformal field theories are endowed with a Lagrangian, and it 
is also available even for worldsheets with boundary if suitable boundary terms are incorpo- 
rated. From this viewpoint, the classification of boundary states corresponds to that of possible 
boundary terms along with the boundary conditions on the fields. 

These two viewpoints have been shown to be consistent in |^ for Liouville theory. The 
boundary states are classified in a complete way through the analysis of modular property of 
annulus partition functions, and some boundary states correspond to the addition of a boundary 
interaction term with certain values of coupling constant. It was also the first case where the 
classification of Cardy states was done for non-compact CFTs having continuous spectrum of 
representations. Based on this idea the Liouville theory with boundary has been analyzed in 
0, , and the analysis of boundary states has also been made recently for more involved CFTs 
such as CFT on Euclidean AdS^ [|, ||, ^, |] . 

In this paper we consider the = 1 supersymmetric extension of Liouville theory in the 
presence of boundary, using the techniques developed in §]. This theory has been analyzed 
for decades and some old references include Q 11, 12, 13, 14, |15|, 16]. One will face some 
complexity due to the presence of NS and R sectors, and a careful analysis reveals what kind 
of new features arises as a result of supersymmetrization. For the case without boundary, the 



exact results for basic correlators has been obtained in 17, 18 . There has also been some 



recent works on the case with boundary [0. Since super Liouville theory is one of the simplest 
CFTs with = 1 worldsheet supersymmetry, our result should contain many of the properties 
which all the = 1 supersymmetric CFTs have in common. 



This paper is organized as follows. In section 2 we analyze the = 1 super Liouville 
theory without boundary, especially on a sphere. The calculation of basic correlation functions 
which has been done in [|l^, ^ are reviewed. We first summarize the spectrum of degenerate 
representations in A^ = 1 superconformal algebra. Then we calculate various structure constants 
using the most fundamental degenerate operators which will be denoted as 0"^^2 5 under the 
reasonable assumption that the product of them with any operators are expanded into two 
discrete terms. The consistency of this assumption is investigated by solving the differential 
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equation for four-point functions containing 0"b/2- section 3 we analyze the theory on 
worldsheets with boundary, especially on a disc. The modular property of annulus partition 
functions are investigated, from which we obtain the wave functions for some Cardy states. 
There are some others whose wave functions cannot be determined from the analysis of modular 
property, and we determine them through the analysis of disc one-point functions. The two- 
point functions of boundary operators are also obtained. The results for reflection coefficients 
are consistent with the argument of density of open string states, but it turns out that the 
reflection coefficients differ for each operator in a single supermultiplet. The last section gives 
a brief summary of our results and some discussions. 



2. J\f = 1 Super Liouville Theory 

The supersymmetric extension of Liouville theory was found in [^. It is described by a 
boson (j) and its superpartner ip, and the action on flat worldsheet reads 

I = ^ J (fzd9d9D<^D<!> + 2i/i J (fzd9d9e''^, (2.1) 

where we employed the superfleld formalism 

^ = (j) + ^e'^lJ + Wip + i99F, D = de + 9d,, D = dg + 9d,. (2.2) 

The reader should note that there is a linear dilaton coupling hidden in the action. In |^ 
it was analyzed as a two-dimensional theory of supergravity with superconformal symmetry. 
Superfleld expression for linear dilaton coupling can be found in P^ . 

We regard this theory as a free CFT of and ip with a linear dilaton coupling, 

I= — fd^z \d(j)d(j) + ^ + ijdij + ijdij - F^l , Q = 6 + r 1 (2.3) 
27r J L -I 

perturbed by the following interaction 

2ifi [ d^z \ihFe^'^ + foVV'e^'^l • (2.4) 



In what follows we shall neglect the auxiliary fleld F which yields a contact interaction, assuming 
the analyticity of correlators or OPEs that allow us to calculate any quantity by the continuation 
from the region where contact interactions can be neglected. See p3| , Q for more detailed 
argument on this point. Thus we shall treat the super Liouville theory as the free CFT of (j) 
and il) perturbed by 

5int = 2ifib'^ f d^zilji^e^^. (2.5) 



The stress tensor T and the supercurrent Tp of the free theory are given by the Feigin-Fuchs 
representation 

T = -^{d(j)d(j)-Qd'^(j) + iljdilj), 
Tf = i{iljd(j)~Qdij). 
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They satisfy the super Virasoro algebra with c = y = |(1 + 2Q ) 

3c 2T(0) dT(0) 

mm) ~ ^ + (2.7) 
T ( \T m ^m 

Tf{z)Tf{0) ~ ^ H . 

z-^ z 

We shall concentrate on the left-moving sector for the time being, in order to clarify the 
symmetry structure of the theory. We work with the primaries Va = e'^^ and their superpartners 
Aa = —iaipe""^, which satisfy 



Z'^ _ Z 



T{z)V^{0) 

1 (^)Aa(O) ~ \ , 

A (0)" " ^2.8) 

lF{Z)Aa[()) ~ 5 ^ , 

with /io, = a{Q — a)/2. They are NS vertices and correspond to space-time bosons. We also 
consider the R vertices corresponding to space-time fermions, which are given by spin fields 
= a^e°"^. They obey the following transformation property 



The most important property of spin fields is that the supercurrent Tp becomes double-valued 
around them. The spin field cr^ are defined to satisfy 

m-m - (2.10) 

We can analyze the theory perturbatively, by expanding any quantity as a power series 
in the cosmological constant. However, due to the momentum conservation in Linear dilaton 
theory, any correlators of operators of definite Liouville momentum have only one contribution 
from a specific order of /i. This can easily be seen by employing the path integration approach 
and perform the integration over the zero-mode of (j) as discussed in Then we find, for 

example. 



iji^v^x^i)) = b-'n-N) (n.K,(^.)5i^t)w,,, (2.11) 

where the suffix "Wick" represents the ordinary Wick contraction with respect to free fields 
and is defined by 

bN = Q{l-g)-Y,a, (2.12) 
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for worldsheets with g handles. Ahhough the expression ( |2.11| ) can be used to evaluate correla- 
tors by first assuming to be a non-negative integer and then extending the result to generic 
iV, we do not use it this way. We would rather read off from it one important property that the 
correlator diverges when a non-negative integer insertions of ^int can screen the non-conserving 
Liouville momentum, and the residue of the divergence is given by the free field correlator with 
an appropriate number of S-mt inserted. 



2.1. Two-point functions on a sphere 



Here we re-derive the basic correlation functions on a sphere which were obtained by [0, ^ 



as an introduction to our method to analyze the theory on a disc. The most important among 
them are the two-point functions. We first consider the following one: 

{V^Azi)V^,{z2)) = \zi2\~^''"^27i{5ipi+p2) + S{pi-p2)Diai)} {a, = § + ip,). (2.13) 

The global superconformal symmetry yields some relations between two-point correlators: 

{V^M)Vo.,{z2)) . 

aia2 {i!VaAzi)Wc.2{z2)) = 2 V^i2MKi (2:1)^2(^2)), (2.14) 
alal(^tljiljVa,{zi)'ijj'iJjVa2{z2)) = -4:hl^\zi2\~'^ {Va,{zi)Va2{z2)) , 

so that all the two-point functions of NSNS sector vertices are described by a single structure 
constant, D{a). To study the two-point functions of RR-sector vertices, we adopt the following 
convention. We first define the spin fields in the right-moving sector by the equations 

.*(0),K^) ~ (2.15) 

Then the spin fields, 

Q'^{z, z) = a"e"'^(z, z) = a'a'e'"''{z, z), (e, e = ±) (2.16) 
are shown to satisfy the OPE relations 



-^e«(o)T^(z) - 



(2.17) 



V2z^/^ 

We assume that cr+, (T+ commute and , anti-commute with fermions. Thus B^^ commute 
with fermions while G^^ anti-commute. Using this, the superconformal Ward identity becomes 

dw 



1 

" 71 



^ [z - z')'^ ker'^"(^)e;'f>') {■■■} + ie-ep.,Qt{z)Q~J''{z') {• ■ ■} 
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^Xw - -z)Hw - -z')^ {■ ■ ■} Qt{z)Qif {z')f,{w) 



dw 



+eee'e' <f ^{w - z)^[w - z'f^ {■ ■ -jfpiw) ■ Q::{z)Qif' {z'). (2.18) 
J Ztxi 

The normalization of spin fields is given by the following correlators: 

(a±±(^)cr±±(0))^^^^ = l^ri {a^^{z)a^^{Q))^^^^ = t\z\-'^, (2.19) 

where one should be careful for that only Grassmann-even combinations can have non-vanishing 
correlators. Note also that all these are related via superconformal transformations. From this, 
we put the following ansatz for the two-point functions of RR vertices: 

-^{etn^l)^tn^2)) = {et^iz,)etH^2)) = \z,,\-^'-^-'. .2n5{p^+p2), ^^^^^ 
^{^tf{z,)Qt^{z,)) = {Qt^{z,)Qlf{z,)) = \zu\-"'-^-'^-2n6{pr-p2)Dia,). 

These two-point functions give relations between operators carrying Liouville momentum a and 
Q - a: 

D[a) 



VQ_a {Q - a)iljVQ_a {Q - a)iljVQ-a {Q - aYipipYq-a ' /o on 

They are referred to as the reflection relation in what follows. D{a),D{a) are called the 
reflection coefficients. 

The ansatz ( p.20| ) for the two-point functions of spin fields might seem peculiar at first sight, 



because it leads to the refiection relation which fiips the indices e, e as well as the momentum. In 
the following we obtain the refiection coefficients using some properties of degenerate primary 
fields, and there we will convince ourselves that the above ansatz is the only one which is 
consistent with the OPEs involving degenerate operators. 

Degenerate fields and their OPEs 

Let us summarize here some basic properties of operators belonging to degenerate represen- 
tations of superconformal algebra. As was found in they are given by the following 
Liouville momentum Ur^s 

a,^^ = ]^{Q-rh- sh-^), (2.22) 

in close analogy with the case of bosonic Liouville theory. The difference is that the degenerate 
representations with odd r + s sit in the R sector, while those with even r + s are in the NS 
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sector. They are known to have null states at level rs/2. The corresponding vertex operators 
are V^^^ (r + s even) or 6^^^ (r + s odd). 

We will frequently use the most fundamental degenerate operators (and Qti/2b) 

the following analysis. The property of the corresponding degenerate primary states |2, are 
summarized as follows: 

Go |2, l)i = |2, 1)^ , |2, 1)^ + ^L_i |2, 1)^ = 0. (2.23) 

We first discuss the OPEs involving these degenerate operators to find out the expressions for 
reflection coefficients. Then in later sections we will give a detailed analysis of the four-point 
functions involving them by solving the associated differential equations. 

Here we just assume that the OPEs of 0"f,/2 with arbitrary primary fields or spin fields 
yield only two discrete terms. This assumption will be justified in later sections by analyzing 
the four-point functions. We begin with one particular example: 

&tt/2i^i)V.iz2) ~ ki2|^"C+(a)e++/2(^2) + ki2|^('5-")C_(a)0-;,/2(^2), (2.24) 

where the coefficients C±{a) are calculable using the techniques of free CFT as proposed in pO) 
and utilized in the analysis of bosonic Liouville theory in : 



6+(a) = lim 



free 



— 1^121^" (ej+„^,/,(uOe++/,(z2) 



^ , , ,0Q-a-fe/2(^)0-V2(^l)^«(^2)(-^int) 

C-[aj = lim "^^ 



= iJ7Tb^^{fh{l-bah{ba-f). (2.25) 

Here we introduced the notation 7(x) = r(a;) /r{l—x). The free field correlator in the numerator 
can be evaluated by using 

(a±±(^i)a^^(^2)^V^(^3)) = ^ {cT^^{z,)a^^{z2)^^{zs)) = ^ki2|'/'ki3^23r\ (2.26) 



which follows from (|2.10|) , (|2.15|) and ( p.l9| ). Summarizing similar OPE relations we obtain 

Q%/2i^i)Va{z2) ~ ki2r"etv2(^2) + ee>i2|''('5-")C_(«)e;;'-;2(^2), (2.27) 
Taking the superconformal transformation of both sides we obtain 

V2zll'e%/,{z,)atpV^{z2) 

~ eelzul^-aQ-^iz^) - ki2|'(^-"HQ - a)C.(a)e^';^"/2(^2), 
-tV2zli'e%^,{z,)a^Vo.{z2) 

~ ki2|'"«en/2(^2) - e-e\zu\'^'^~''\Q - a)C4a)e-J4^,{z2), 
-2i\z2i\e%/^{z,)a^ijtpV^{z2) 

~ ee\zura'e-!:;;,{z2) + ki2r(^-"H<5 - a)^C_(a)e^%/2(z2). (2.28) 



Combining them with the reflection relations ( ^.21| ), we obtain the following recursion relations 
between structure constants: 



D{a) = C-{a)D{a + b/2), D{a - b/2) = C^{Q - a)D{a). (2.29) 
To find the OPE of ©"5/2 with generic spin fields, let us start with 

- 2et,/,{zi)e, + iz2) ~ C+{a)\zu\'"'^hi>V^_,/2iz2) + C4a)\z,2\'^'^~"^-'^V^+b/2iz2). (2.30) 
The free field integrals with screenings give 

C+{a) = l, C-ia) = 2tfinb^-f{f)j{^-ba)j{ba-^^) = 2iC.iQ-a-b/2). (2.31) 
Collecting similar OPE relations we have 

-2Q%{z,)Q^^{z,) ~ 2zQ^^^,{z,)Qr{^2) 



^V'V'K-V2(^2) + C'_(a)|zi2|'(«^")-^V;+,/2(^2). (2.32) 
Taking its superconformal transformations we obtain 
-V2Q%iz,)e^^{z,) ~ zV2e%iz,)Qt^{z,) 

1 

~ ^12^12! 

-V2eiUzi)etH^2) - tV2etU^,)e^^iz,) 



-zi\z,,r-hv^.,/2{z,) + |^^^^4^4ki2r('^--)-^^ W(-2) 



-e%{z,)Q^^{z,) ~ ^e%(;.O0^^(^2) 

~ -\zur~'^V^.,dz,) + W(-2). (2.33) 

Combining them with the reflection relations ( |2.21| ), we obtain the same set of recursion relations 
as ( ^.29| ). Here one can also see that the reflection of the Liouville momentum of spin fields 
should be accompanied by the flip of signs e, e, because in the right hand side of the above 
OPEs there are always two NS operators of opposite fermion number (when counted for either 
one of the left/right sectors separately). 

A simple solution of ( p.29[ ) satisfying the unitarity 



D{a)D{Q-a)=D{a)D{Q-a) = l (2.34) 
and exhibiting the b ^ 1/b duality can be found rather easily: 

7 



Before moving on to the analysis of three-point functions, we note that the correlators 
involving NS-R vertices are difficult to analyze since the screening operator becomes double- 
valued around them. Therefore, they are not well-defined vertex operators from the viewpoint 
of a perturbed free CFT. 

We also note that the following relations for products of two spin fields hold: 

(^1)0^(^2) = -ilTQ-fi^{)Q-J/{z^) = -r-erQX\^,)Q^.r{z^), (2-37) 

in all the expressions for two-point functions and OPEs obtained so far. We assume this to hold 
in arbitrary correlation functions containing two spin fields. As an evidence, the analysis of 
four-point functions becomes much simpler without any contradiction if we employ this relation. 
However, one should not expect this relation to hold in correlators containing more than two 
spin fields. 

2.2. Three-point functions on a sphere 
We first put the following ansatz for them: 



{Va^Va^Va^) = Ci (Oi , 0^2, ^3) , {Vai^t^Qaa} = Ci («! ; ^2, ^3) , 

-iai {tpVa.Va^Va^) = C2(ai,a2,a3), {yai&t^&t^) = (72(01; ^2, 03), (2-38) 



-al (^IplpVa^VaiVa^) = C3 («! , ^2, "s) , {Vai'S>t^ ^t^) = C3 («! ; ^2, "Sy , 



where we omit the coordinate dependence which can easily be restored knowing the conformal 
weights of operators: 



/^^ ( -y VO ( -y VO (-y \\ ^, ^h3-hi-h2^hi-h2-h3 h2-h3-hi-h3-hi-h2^hi-h2-h3-h2-h3-hi (r) oqN 

{Ui[Zi)U2[Z2)U:i[Zz)) ^23 ^13 ^12 ^23 ^13 [l.6\i) 

Other three-point functions are related to the above expressions via left-right symmetry, or 
are obtained by taking the super conformal transformations of them. Using the super conformal 
symmetry we can also find that Ci,2,3(tti) are symmetric in the three arguments. 

To obtain them we again use the degenerate field 6!5b/2- focus on the left-moving sector 
of the theory and consider the four-point functions in chiral CFT: 



-^«2(^a,(^3)^v;,(z2)e%/2(^o)e;,(^i)) = /oT(^0, ^2 40) 



-a2a3(yVc,3{z3)-iljVa2{z2)QU/2i^o)'S)l,{zi)) = fni^i)- 

As was shown in and reviewed in the following, a set of differential equations among them 
can be derived from the super conformal symmetry and the degeneracy of Q-b/2 which has 
two independent solutions. This justifies the assumption in the previous paragraph that the 
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OPEs involving 6!!b/2 yi^ld only two discrete terms. However, in order to obtain the three- 
point structure constants it is sufficient to know that the ffist four of the above sixteen, /qq, 
satisfies an ordinary hypergeometric differential equation. If we simply assume this we can skip 
the lengthy analysis of the differential equation and easily write down the solution, since the 
behavior when zq approach either of 2:1,2,3 is known from the OPE formula. 



Differential equation for correlators (VVQQ) 

Firstly, the above sixteen functions are related via global superconformal transformation. 

- — :{w — zoY^'^iw — ZiY^'^Tpiw) onto the product of operators in the bracket 

we find 

1/2 

1/2 1/2 , 1/2 1/2 , ^01 / _ w-e,r _ 

^30 ^31 JlO + ^20 ^21 Joi + '^^P ail ho — U, 

, 7 1/2 

1/2 1/2 .er, 1/2 1/2.^ , ^2 "-2 wer _ ^01 / _ w-.,r _ 

^30 ^31 ill +^20 ^21 l"^2 H \ jJoo 7K\P~b/2 — <^T^Pai) hi " U, 

2^20 ^21 V ^ 



, , 1/2 

1/2 1/2 /rj , % , "-3 N rer 1/2 1/2 ^01 / \ f-'^,r n ^'^A^\ 

^30 ^31 (^3 + + )/oo - ^20 fu 7^ (^"^2 " ^^Pa^)flO = 0, (2.41) 

2^30 2:31 V ^ 



1/2 1/2. , ^3 h^rer 1/2 1/2,^ ^ ^^2 wer 
^30 ^31 l^^S H \ j/oi - ^20 ^21 IC'2 H ^ j/10 

2^30 2:31 2:20 2^21 

1/2 

' °^ -(P-b/2 - erp„J/n''^ = 0. 



fer _ 
JOO ~ 






J 01 ~ 






VZ32201220 / 




JlO — 


/ 2302^^ ^ 




V 2012312^2 / 




Ju — 


f 230221 


|l/2 


V 2202312^2 / 





V2 

Here the relation (|2.37| ) was assumed. By introducing a new set of functions F^Jirf) of the cross 

ratio 11 = ^iii^: 

' 203221 

I\i>j ^ij^ Fqq, Ejyo/^oj = — — 1/85 
Ui>j Zij' F^l , Ejyi/iij = -2/ii-l/8, ^^^^^ 

lli>j^ij^ ^10^ J2j=^2f^2j = —2/^2, 

The above relations can be rewritten in a simpler way: 

77(1 - r])dr, = D 
^rj + ^oT + 73(P-V2-erp„Jr/Fo7'^ = 0, 
F--{D + /i23 + r/(/i2 + /i2i)}Fo^o"-^(p-b/2-erp„jFor'^ = 0, 

(2.43) 

{Z} + /X23 + r/(/i3 + /xo3)}i^oJ-i^iT -7i(P-b/2-erp„jFi7'" = 0, 

+ /i23 - 1 + r7(/i3 + /i03 + 1)} i^oT 

+ {D + /i23-l+^(/i2+/il2 + l)}i^fo"+72(P-''/2-e^P«i)^^lT'" = 0. 

Secondly, we derive another set of differential equations by translating the equation for null 

states 2 

(L„iGo + ^^^G_i) |2, 1) = (L_iGo + ^^G_i) |2, 1) = (2.44) 
4 2z 



into a differential equation for correlators involving the corresponding degenerate operator. 
Here we deal with correlators involving only two spin fields one of which is degenerate, and use 
the following translation law: 



(2.45) 



and write down the differential equation in the following way: 

(• ■ ■ {^/2ih-'C^,Q-_l,^ + G-,Q^_,/,){z,) ■ Ql^iz,)) = 0. (2.46) 
This yields a set of differential equations for the functions F^J: 

= -lV2h-\D-^^2-{l-rl)^^oz)For + ^—^F^m+-Fll, 



V 







01 



~tV2b-\D - + ^ - (1 - v)im + l))F, 

- (1 - r/)F- + {D + /i23 + Vif^i2 + 3/i2))i^oJ, 
= -zV2b-\D-i202-{l-v){f^03 + l))F,T (2.47) 

= -^V2h-\D-^l^2 + \-{l-v){^^o3 + \))F{r 

+ ^—^{D + ;x23 - 1 + r/(/io3 + 1 - h^))F^l 

+ -{D + ;x23 - 1 + r/(/Xi2 + 1 + 3/i2))i^i'o- 

Obviously, ( p.43|) and ( p.47|) are redundant. Indeed, ( p.43|) yields only two relations between 
{Fqq , Fq^^"^ , F{q'^ , Fll} , so that we are left with two independent functions out of four after 
imposing the superconformal symmetry. ( p.47|) also contains only two independent equations, 
giving a second-ordered differential equation for one of the remaining two independent functions. 
Thus the solution for /qq is written in terms of the hypergeometric function, 

f<^r(^ \ _ h3-hi-h2-ho-l/8 hi-h2-h3+ho+l/S h2-h3~hi+hi-,-'iho~l/8 

Joo 1^0,1,2, 3j — ^12 ^23 %3 ^03 

xr^Mi(x - r]Y'>^F{A,B]C;r]), 

. ba^ „, 1 

A = /xoi +/^02 + — + 2/io + -, 
Z o 

B = /ioi+/io2+ ^ 'V 2/10 + -, 

C = bQ + 2^101 + Aho + -, 

bQ + eTb(2ai - Q) 1 bQ - er6(2ai - Q) 3 
= 4 8 4 +8' 

,0. = ^ or (2.48) 
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The two choices for /xqi give two independent solutions, while two choices of /io2 lead to the 
same solution owing to the formula of hypergeometric functions. 



By taking its square in a crossing symmetric way we can construct the four-point function 
on a sphere involving a degenerate field, 

= 1^12!^^''^"^^"^^"''"""^^^^ 1^23!^^''^"''^"^*^''"'^^''^^ |-2l3|^^''^~''^~^'^'''''"^|-203r'^''" 

X {PiG'i(ai, a2, as; r?)Gi(ai, ^2, as; ff) 

+P2G2{Q - ai, as, as; if])G2{Q - ai, aa, as; fj)} , (2.49) 

where Gi^2 are given by (we use the notation like p-i-2+s = —Pi ~ + Ps) 



Gi(ai;r/) = r/^+l(l - r/)^F(fp+i+2+3 + !, f P+1+2-3 + !; ^^Pi + f; ^) 



(2.50) 



2/^+1+^-1-^ I 4> 2 4' -f^J- ' 2' 

G'2(ai;r7) = r/^-i(l - r7)^F(fp+i+2+3 + i f ^'+1+2-3 + i; + 1 ; ??) 
and the coefficients Pi^2 can be fixed from the crossing symmetry up to an overall normalization: 

^ = -{\ + ^hp^)-H-2-^hp^f 

X7(| + fp+i+2+3)7(! + fp+i+2-3)7(| + fp+i-2+3)7(! + fP+i-2-3). (2.51) 

Considering in the same way, we find that there is no crossing symmetric solution for four point 
functions like (v^gV^jB^^gQar)) so that they must vanish. The correlator (Va^Va2'd^t/2^at^ 
are obtained simply by replacing ai with Q — ai in the above. 

From the above solutions we can derive a recursion relation for three-point structure con- 
stants Ci(ai,2,s) and Ci(ai,2,s)- From the fact that some four-point functions vanish it follows 
that 

C2(ai, a2, as) = C'2(ai, a2, as) = 0. (2.52) 
By comparing the limit Zq — > Zi of ( |2.49|) with the OPE formula ( |2.32| ) we find 



_ 1 C+(ai)C3(ai - 2,a2,as) 

p^lPi,P2,P3j - («^_|)2c'_(«^)Ci(a, + |,a2,as)' 

^1. „ „^ _ 1 C'_(ai)Cs(«i + |,«2,a3) 

P2 W - 2ai - by C+{ai)Ci{ai - |, a2, as) 

These give a set of recursion relations for Ci(ai, a2, as) and Cs(ai, a2, as), whose solution can 
be expressed in terms of T function introduced in PO, RT|. It is defined by 



In Tfa;) 



°o dt 
T 



(2.54) 



sinh[6t] sinh[t/6] 
and satisfies the following relations 

T(x + 6) = T(x)6^^'''"7(6x), T(a; + ^) = T(x)62-/*-S(a;/&), T(x) = T(Q-x). (2.55) 
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It has zeroes at 



T(x) = at X = —mh — nh ^ , x = Q + mh + nh ^ (m, n G Z>o). (2.56) 

If we define 

TNs(x) = T(f)T(^), TR(a;) = T(^)T(^), (2.57) 
the solution for the recursion relation can be expressed as 

n I \ ! /bQui-bH^^^^^^^^^IksiO) TNs(2ai)TNs(2a2)TNs(2a3) 

Ci[ai) = \fnT'y[^)b \ - — — - — — — — — -, 

^ ^ i NSlttl+2+3 — Vj -L NSlttl+2-3j i NS(,tt2+3-lJ J- NSltt3+l-2j 

rR(ai+2+3 - iR(ai+2-3) iR(a2+3-l) iR(a3+l-2) 

where we used the notations like ai+2-3 = Qi + 02 — «3- The functions Tns, Tr are also useful 
to construct reflection-symmetric quantities because of the relations 



D{a) = (/.7r7(f)6^-^^)^ 



j,Q^ ^1-62^0^ Tns (2a) 

TNs(2g-2a)' 



The three-point structure constants containing spin fields can be obtained in a similar 
way. This time we take the limit Zq Z2 of the solution ( [^.491 ). Using the formulae for 
hypergeometric functions we find 

= |^-^2p(''3-^i~?»2-/io-l/8)|^^^|2(/ii-/i2-?i3+/io+l/8)|^_^^|2(/i.2-/i3-?»i+'io)|_2^^|-4fto-l/4 

X {QiH{ai, a2, a^; 1 - r])H{ai, 0^2, 03; 1 - r/) 

+Q2H{ai, Q - a2, 03; 1 - v)H{ai, Q - 0^2, 03; 1 - r^)} , (2.60) 

where H is given by 

Hiaf, l-v) = r/— (1 - r]) — F(f p+1+2+3 + f , f P+1+2-3 + f ; ^bp2 + 1; 1 - v), (2.61) 
and the ratio Q1/Q2 reads 

9l = 52p2^(_,5p,)2^(| + f pi+2+3)7(| + f Pl+2-3)7(i + f P^l+2+3)7(i + f P-1+2-3). (2.62) 
V2 



By making a comparison with the OPE formula (|2.27|) we find recursion relations 



Qi C+(a2)Ci(a3;a2 - 



Q2 C_(a2)C'3(a3;a2 + 2'"i) 

— (-Pi P2 Ps) = ^+^^'^^^^^^3' ^'^ ~ I'^i) (2 63) 

Q2 ' ' C_{a2)Ci{a3;a2 + Lai) 



12 



This can be straightforwardly solved and we obtain 

iR(ai+2+3 - iRl«l+2-3j iNSl«2+3-lj JLNs(a3+l-2) 

63(03,02,01) = <^/i7r7(^)6 [- — — — — — — — — r,(2.b4) 

^ iNs(ttl+2+3 - V) iNs(ai+2-3) iR(tt2+3-l) iR(tt3+l-2) 

We can also check that these three-point structure constants are consistent with the reflection 
symmetry. 

Although these three-point structure constants ( p.58| ) and (|2.64| ) have complicated form. 



each factor has a clear physical meaning. Note first that the zeroes of Tns, T"r are at 

^Ns(3;) = at a; = —mh — nb~^ , x = Q + mh + nh^^ {m + n even), 
T''r(3;) = at x = —nib — nb^^, x = Q + mb + nb^^ (m + n odd). (2.65) 

Each three-point structure constant therefore has eight sequences of poles. This agree with 
our naive expectation, since by combining the perturbative consideration, b ^ b~^ and the 
reflection symmetry we can easily guess that, for example, Ci(aj) diverges at 

(«! or Q — ai) + (^2 or Q — 02) + (^3 or Q — 0:3) = Q — rnb — nb~^ {m + n even). (2.66) 

The last condition is because of the fermionic nature of the screening operators. The pole 
structure of other structure constants can also be understood in the same way if we take into 
account that the reflection of spin fields also fiips their Grassmann parity. 

Differential equation for correlators (000G) 

Let us analyze here the correlation functions of four spin fields, one of which is degenerate. 
The reason for this is that we will use the solution to obtain the one-point structure constant 
on a disc in the next section. The solution can also be used to cross-check the three-point 
structure constants which were obtained previously. 

We first consider the holomorphic sector as in the previous case, and begin by introducing 
some notations: 

(eiV2(^o)e^\(^i)e- (Z2)e^3^(z3)) = r'^'^'^iz.). (2.67) 

Then we translate the expression for the null vector ( p.44|) into differential equation for corre- 
lators. In doing this, note first that the Ramond algebra is generated by Li and So it 
suffices to give the rule of translation for these two: 

;>Cie!_°,/2(^o)n.e-(z.)) = £^4(r(^4)e!_V2(^o)n.e-(^.)), 
;^_iev(.o)n.e-(..)) = / ^ [ fff'l )\TF{z,w\,,{z,)Y{mz,)) . (2.68) 

' Jzo ZTXl \Z4QZQiZQ2ZQ'iJ 

Using them, the rule for other generators can be obtained easily: 

(^oeiv(^o)-n.e;;(;^. 
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£-i8'V2(z„)-n,e;i(j. 



= \ / l^^ii^ (^£01 + £2^ + f2i) (T(.,)eiV(.o)n.e- (zO) . (2.69) 
Then the equation for the null vector (where we use the notation e = — e), 

(01^2(^0) ■ V^^<^%{z,)) + (ei°,/2(^o) ■ V^^<^%{z>)) = 0, (2.70) 
can be recast into the form of a differential equation, 



£213 



= f (.01.02.03)^/^ + ^^(^01^ + + ^oi)] r-^'^'^''- (2.71) 
As in the previous case we rescale the functions /"^o^i^^es ^^j^g following way: 

i,j ^03^21 i(^j-) « 

Then the above equation can be rewritten into the form 

V = vil-v)d, + il-v)im+'-f^)-vif^02+'-^). (2.73) 

According to the signs of ej, there are sixteen components of _P'^oeie2e3_ ^jj-^g above equations 

separate them into two groups, each containing eight components with even(odd) number of 
minus signs in ej. We try to reduce the number of independent components further by putting 
the assumption 

peoeie^e-, ^ ^(^^^ ^^-^ pe,e,e,e, _ (2.74) 

The consistency with ( p.73|) yields 

c(eo, 61,62, 63) = c(eo,ei,e2,e3) = ±1, 

c(eo,6i,e2,e3) = -c(eo, ei, es, 63) = c(eo, ei, €2, €3) = -c(eo, ei, 62, 63). (2.75) 
Denoting c(+, +, +, +) = ^ and ^0,1,2,3 = F—++, F-+-+, F-++-) we have 



2ib- 


-iPFo = 


- Piiv- 


1)1/2^1 


- P2{- 


-rif'^F2 


- P^V^'^i 


1 


- vf'F,, 


2ib- 


-^VFi = 


+ piiv- 


ly/'Fo 


HP2{- 




-^PsV^^'^i 


1 


-riY''F2, 


2ib- 


-'VF2 = 


-^piiv- 




+ P2{- 




Hp^v^'H 


;i 


-vf'Fr, 


2ib- 


-IPF3 = 


HPi{r]- 


lf'^F2 


-iP2{- 




+ P3V^''^{ 


;i 


-r,Y"Fo. 



(2.76) 
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One can see that the above system of differential equations exhibits a symmetry in three generic 
spin fields. It is also consistent with the reflection symmetry: for example, Fi obeys the same 
equation as that for Fq with the signs of p2 and flipped. Here we will not go into any further 
detail to determine ^ or choose explicitly one appropriate branch for each square root, since 
different choices lead to different correlators and we would like to study their mutual relation 
later in detail. 



Let us step aside for a while and try another way to construct the correlators ( 2.67 ). Recall 
that the correlators are characterized by the analyticity and the asymptotic behavior around 
zo ~ ^1,2,3 dictated by the OPE formula: 

J yZi) ~ Zqj , Zq,- , ZQj , Zgj . \^-'') 

In the previous analysis of reflection coefficients it was assumed that the OPE of 0";,/2 with 
generic spin fields (of definite chirality) yield only two discrete terms. However, since the dif- 
ferential equation is of the fourth order, there should be four independent solutions. Therefore, 
in solving the differential equation we should not adhere to the idea that each spin field in any 
correlator has a definite chirality. Thus we assume that the leading order behavior of the four 
independent solutions should be given by ( p. 77] ). 

Let us then put an assumption that the correlator can be expressed as a double contour 
integral of the following form: 

j.ie2.3e4(^.) _ -Q^fti J dwdw'Y[{zi - wY^izi - w'YKw - w'Y (2.78) 

i<j i 

as one can guess by analogy with simpler cases where we encounter with hypergeometric func- 
tions. The global conformal invariance yields the conditions on the exponents Vi, A and 
Pif 

E^^ = E^. = - 2, E Pi3 + ^^ + ^\ = -^h, - ^. (2.79) 

Analyzing the behavior at, say, Zq ~ zi we find that the double integral approximately breaks 
into several terms with different asymptotic behavior. In doing this, note first that the limit 
Zq Zi can also be viewed as the limit Z2 z^. Then there are two possibilities for w to 
be either near zo,i or near ^2,3- Similarly, there are also two possibilities for w', so that they 
altogether give four terms in the limit Zq Zi: 

J [Zi) ~ Zqi , Zqi , Zqi , Zqi . 

Comparing this with the OPE formula, we can easily find that A must be or ±1. Among 
these three, A = 1 is the only solution consistent with hQ + = ^(1 — ^bQ). Going back to the 
analysis of the equation (|2.76|) , we are thus lead to conjecture that after setting /xqi = /^02 = 
in (p.73|) , the function Fo{ri) should be given by 

-fo(pi,P2,P3; ^) = 8 (1 — '^)~+8 / dwdw [w {w — l){w — "T])] * 
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3 I ib^ 



bo^l 3 I 3 /" 

r^— +8 (1 — r^)— +8 dwdw f{w,w ;'r]){w — w ), (2.81) 



with certain integration contours for w and w'. Other three functions should be obtained from 
the symmetry of the equation ( p.76| ): by flipping the signs of Pi,2,3 and make a suitable change 
of coordinates we find a set of contour integrals 

ba.^ 3 ^"^2 3 f 

^oiv) = ?7~2-+8 (1 — -^)— +8 dwdw'f{w,w';r]){w — w'), 



T\{j]) = ri~ »{l — ri)~ 8 / dwdw f{w,w ■,ri){ww — w — w +ri), 

J^2{v) = V~ 8(1 — ?7)~ 8 / dwdw f{w,w ■,ri){ww —rj), 

^siv) = V~ 8(1 — 77)^ 8 / dwdw f{w,w ■,ri){ww — wr] — wt] + rj) , (2.82) 
satisfying the following differential equations 

2ib-'VJ^i{r]) = pi(l - vf'Mv)+P2v'^'J'3iv) - W/'(l - vf'J'2{v), 

2ib-'VJ^2{r]) = -pi{l-TlY'^rM+P2ri^'^:FM+PzTl^'\l-r]f'^:FM, 

2tb~'VJ^M = -Pi{l-vY'^T2{ri)+P2V^'^TM+P^v"\^-vY'^^M. 

l-2bQ l-2bQ' 



V = 77(1 — 7]) 



(2.83) 



irj 8{ri — 1) 

Hence they can be used to express the solutions of ( f^.76| ). They are not yet functions because 
the contours are not specified. However, a notable property is that, as far as the form of the 
integrand is concerned, the four transform into one another under the change of integration 
variables. Some typical ones are given below: 

W^l-W, w'^l-w' : {J^o,J^i, J^2,^3){V) ^ {-^0,^2,^1, ^3){l - V){pi,P2)-*iP2,pi), 

w r]w~'^ : {J^o,J^i,J^2,^3){v) ^ (^2, ^3, ^0, ^i)(^)(pi,P3)^-(pi,P3)' 
w'^r]w'-' : (J-o,-Fi,^2,^3)(^?)^(^2,--^3,^o,-^i)(^?). (2.84) 

Now that we have found a way to express the solutions of the differential equation in an 
integral form, we have to investigate the property of them under the monodromy and find 
some formulae for the change of basis like those of hypergeometric functions. This can be 
done straightforwardly because the functions J^i{ri) in the above are all expressible as sums of 
products of two hypergeometric functions. 

By fixing the integration contours and making a suitable rescaling, we define the function 
J-'o in the following way: 



J^o{pi,P2,P3;v) 



8r(i + 2&pi)r(|) 



r(i + f pi+2-3)r(i + f Pi-2+3)r(i 

xr]^+l(l — T])^"*"! / dwdw'[w'{l — w'){l — w'r])] 
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Xti;-4 + TPi+2-3(l _ ^)-4 + tPi-2+3(1 _ ti;,^)-3-TPi+2+3(u;' - w). (2.85) 
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Using the same normalization and contour to define all the functions Ti, we find = T\ and 
T2 = ^3- Thus we introduce the following functions 

-4:Go{puP2,P3;v) = ^o{puP2,P3;v) = J^i{puP2,P3;v) 



1 + 2ibpi 

'3 I ib. 



X + f Pl+2+3, i + f Pl+2-3, I + ibpi; V) - (P2,3 

'^Gi{pi,P2,P3;v) = J^2{puP2,P3;v) = -^3(^1,^2,^3;^) 



-P2,3) 



1 + 2ibpi^2 



+3 



1 + 2ibpi 

'3 I ib„ 



bai 1 

'q 2 8 
1 



6a 2 1 
_ 



(l-r/)-^-tF(-i 

3 



1 1 1. 



v) 



4, 4, 2' 

X F(| + f Pi+2+3, i + f Pi+2-3, I + ^bp^; r]) + (p2,3 



-P2,3) 



We furthermore introduce the notations 

G2{puP2,P3;v) = Go{-PuP2,-P3;v), ^3(^1,^2,^3;^) = Gi{-PuP2,-P3;v), 



(2.86) 



(2.87) 



so that the solution of the differential equations for f^^^'^^^sei { \2.67\) be linear combinations of 
the functions Gi{pi,P2,P3', v) of ^i(pi,P2, —P3] v)- Note that the hypergeometric functions in 
the above which do not depend on pi can also be written as 



353 

4' 4' 2 



111. 

"4, 4, 2' 



1;^) 
^) 



-1/2 



1/2 



1 + v/T^ 



1 + 

1/2 



(2.^ 



so that they are related to the four-point functions of spin operators in Ising model The 
above functions Q) are not single valued on the entire CP^, and the basis of solutions are chosen 
so as to diagonalize the monodromy around rj = 0. Our next task is to find the transition 
coefficients giving a relation between different bases. Using the formula for hypergeometric 
functions they are given by 



^ Go{Pi,P2,P3;v) ^ 

Gi{pi,P2,P3;v) 
G2ipi,P2,P3;v) 

\ ^3(Pl,P2,P3;^) ] 



( 



1 

71 



— 

"X-i — Xj — 



X- 



X- 





^++ 


\ 


^ ^o(P2,Pl,P3; 1 


-v) ^ 


~^++ 






QiiP2,pi,P3; 1 


-7]) 




X |_ 




G2iP2,PuP3; 1 


-7]) 


X — |- 


X |- 


/ 


y Q3iP2,Pl,P3; 1 


-v) ) 



(2.89) 



x_ 



T{l+ibp,)T{l + tbp2) 

r(| + fpi+2+3)r(i + fpi+2-3)' 

Til + ^bp^)T{^-lbp2) 

r(| + fpi-2-3)r(i + fpi-2+3)' 

Til - ^bpi)Ti^ + tbp2) 

r(| + fp_i+2-3)r(i + fp-i+2+3)^ 

r(|-z6pi)r(i-z&p2) 
r(| + fp-i-2+3)r(i + fp-i-2-3)' 
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(2.90) 



Using the above formulae we shall then try to find monodromy invariant combinations of the 
left and right sectors. First, there is a "diagonal" product of the following form: 



Q2Q2 + G3G3) iPi,P2,P3;v) 



(QoQo + GiQi) + (0202 + G3G3) {p2,pi,P3; 1 - (2.91) 



where we denoted Qi{pi; rf) = Giipi, ff). Up to an overall constant, it has the following asymptotic 
behavior at 17 ~ 0: 
\ 2 



ihp' 



2-3 



1 + 2ihpi 



+ \ri\ 



+ I'? 



1^1 



b{Q-ai)+ 



+ I'? 



KQ-a{)- 



n(| + ^hp,f^a + f p_i+2+3)7(i + f P-1-2-3 



X7(| + f P-l+2-3)7(| + f 



2+3 J 



^^P2+3 Y 

1 - 2ihpi) 



l{\ + ^hp,f^{\ + f p_i+2+3)7(i + f P-1-2-3) 

X7(| + f p_i-,2-3)7(! + f P-1-2+3) (2.92) 



Let us compare the asymptotic behavior of the above solution with the previous OPE 
analysis based on the assumption that 0!!b/2®a^ expanded into two discrete terms. Apart 
from the coordinate dependences which are irrelevant, the four-point functions should obey the 
following asymptotic behavior: 



0:v2(^o)e++(^i)e++(^2)e++(z3) 
0^^/2(^o)e++(.i)0++(^2)e++(z3) 

~ koi|^"'~^C'3(ai - |;a2,a3) + koi 



2' 



"2, as) + boi 



2i 



ibp\ 



'2-3 



2ibpi 



C„(ai)Ci(ai + ^; ^2, 
' 2i 



;93) 



Comparing them with ( |2.92| ) we find that the crossing symmetric solution p.91| ) of the differ- 
ential equation corresponds to the "sum" of four-point functions 



x—X-^{QoQo + QiQi) + x+_x++(^2^2 + ^3^3 



9— 



9++ 9— 9++9+4 
9++ 9++9++9— 



(2.94) 



By fiipping the momentum of one of the three generic spin fields we obtain another diagonal 
type solution of the differential equation, and these two are the only diagonal solutions we could 
find. One might think that a more careful analysis would lead to another solution and thereby 
enable us to write down the expression for each of the summand in the above. However, there 
should not be any more solutions once we admit that all the solutions are expressed in terms 
of Qi{pi]vi). It is also difficult to argue that the solutions be duplicated due to the ambiguity 
in choosing the square-root branches. Thus we conclude that there are only two independent 
solutions of diagonal type. 
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The above result seems to indicate that in correlation functions involving spin fields, all one 
can fix by hand is the total chirality of the product of spin fields and not the chirality of each 
spin field. Nevertheless, our previous analysis of two- and three-point structure constants still 
remains valid since they involve no more than two spin fields. 

Finally, there are also solutions of the off-diagonal type: 



x_„x_+(^o^i - GiGo) - a;+_x++(^2^3 - Q3Q2) 



-Q3G2) iP2,PuP3-A - V) 



(2.95) 



3. Super Liouville Theory with Boundary 

If the worldsheet has a boundary, the action has boundary terms: 



+ f dx 
Jdi: 



^ + af^BlnPe'^/'] , (3.1) 
where K is the curvature of the boundary which is defined by the Euler number formula 

for worldsheets S with g handles and h holes. The coupling fis will be referred to as the 
boundary cosmological constant as in the bosonic case. It can take different values for different 
connected components of the boundary, and it may also jump at points where the boundary 
primary operators are inserted. The boundary interaction term contains a Grassmann odd 
constant a satisfying = 1, in order to avoid the Lagrangian becoming Grassmann oddp3t 



34, IS 



On worldsheets with boundary we can insert operators on the boundary. One of the most 
fundamental boundary operator is 

Bfs{x) = e^'f'^\x) = e^'f'^{x), (3.3) 

and of course there are some other operators like 

ijBf^ = ^e^'^^ = a^e^'^^ (3.4) 

In free-field scheme the correlators of bulk- and boundary fields on the upper half-plane can be 
calculated as usual using mirror image techniques. One can also perform the integration over 
the zero-mode of and derive that any correlator diverges when 

Qi2-2g-h)-2j2ai - J^Pj = K2n + n^) (3.5) 

i (bulk) j (boundary) 
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for non- negative integers n and ub, and the residue is given by a sum of free field correlators 
with n bulk and ub boundary screening operators. 

3.1. Classification of boundary states 

The classification of boundary states can be done by studying the modular property of 
annulus partition functions. We follow the same path as the reference which analyzed 
the bosonic Liouville theory. We first introduce the Ishibashi states, and then classify all the 
possible Cardy states by expressing them as superpositions of Ishibashi states. Note that in 
super Liouville theory there is a freedom in choosing the spin structure on the worldsheet, so 
that we have to consider the characters with {—)^ inserted as well as the ordinary ones. 

Boundary states in generic superconformal field theory are defined as the solutions of the 
boundary condition on currents on the real axis: 

T{z)=f{z), Tb{z) =Cf f{z). (3.6) 

Mapping the upper half-plane onto a unit disc the above condition can be rewritten into the 
following form 

Ln = L-n, Gr = —iCG-r- (3-7) 

The boundary states |-B; C) ^ind (-B; CI ^ire therefore solutions of the equations 

{B;C\{Ln-L^n) = (5;CI(a + <G_,) = 0, 
(L„,-Z_„)|5;C) = (a-<G'_,)|5;C) = 0. 

The NS (R) boundary states satisfy the above condition with r G Z + | (r e Z). 

Given a highest weight state |/i;NS) of the superconformal algebra, one can construct the 
Ishibashi state \h]+, ()\ in the following way: 

I h; +, C))i = \h; NS)^ \h; NS)^ + (descendants) (3.9) 

In the same way one can construct the Ishibashi state \h; —, ()\ from a highest weight state 
\h; R^) in the R sector: 

l^)~>C))i = R^)^, 1^; R"*")/? — "^C l^i R- )l 1^; R- )_R + (descendants), 

i{{h;-X\ = (/i;R+|^ (/i;R+li + < (/i;R~|^(/i;R"li + (descendants), (3.10) 

where we assumed {h; R"^|/i; R+) = {h; R~|/;,; R~) to be nonzero. Note that we will only consider 
the combinations of even total chirality in what follows. From these definitions it follows that 
the annulus partition function bounded by two Ishibashi states is given by the character: 

i((/i;+,C|e^^-(^°+^°-i^) |A;;+,C'))i = 5.,.Tr,(Ns)[e^^^^^(^"-^)(CC')''], 
i((/i;-,C|e^'^-^(^°+^"-^)|fc;-,C'))i = 5.,.Tr,(R)[e2--^(^"-^)(CC')^]- (3-11) 
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Here the expression is symbolic in the sense that the delta symbol S^^k merely represents the 
Ishibashi states diagonalize the annulus partition function as seen from the closed string channel. 
R Ishibashi states and NS Ishibashi states are orthogonal to each other. 

Cardy states are defined by the property that the multiplicity of open string modes between 
two of them is given by the fusion coefficient A/'/j fe. In superconformal field theories they are 
given by the sum of NS and R pieces: 

c((/i; C I ^c{{h; +, C I +c{{h; -, CI , \h;C))c ^ \h;+, 0)c + \h;-, C»c ■ (3-12) 

NS (R) piece of any Cardy state is itself a solution of boundary condition on currents, and 
should be expressed as a superposition of NS (R) Ishibashi states. The partition function on 
an annulus bounded by two of them as seen from the open string channel is expressed as the 
sum of characters with coefficients N'hlk 

, . J Ar,;,Tr,(Ns)[e^^'^-(^-^n±in (C = C'), 

Let us then consider the boundary states in super Liouville theory. First of all, as the 
labels h of representations of the superconformal algebra, we use the Liouville momentum p 
for non-degenerate representations or the index (r, s) for degenerate ones. The characters for 
non-degenerate representations are given by (g = e^'^*^) 

Trp(Ns)g^°-^ = xJns)(^) = g^-^nn=i(l-g")-'(l + ?"-^), 
Tr,(Ns)(-)V"-^ = X,(NS)(^) = g'^-^n„=i(l-g^r'(l-g"-^), (3-14) 
TVp(R)g''°-^ = xJr)(t) = 2g^nn=i(l + 

Note that TrR(— vanishes for any representations except for the R vacuum. They obey 
the following modular transformation property 

/oo 
cipe2-^«x;NS)(-l/T), 
— OO 

/OO 
_^dpe2-^'"XpV)(-V^), (3-15) 

/OO 
— OO 

For degenerate representations, the characters are given by those of corresponding Verma mod- 
ules subtracted by those of null submodules: 

Xr,s(NS) ~ Xi(r6+sb-i) (NS) ^ ^^(rfe-sb-i) (NS)' 

Xr,s(NS) ^ Xi(r6+sb-i) (NS) ~ ^ ^ \{rh- sh-^) (NS)' (3.16) 
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We would like to find the expression for the wave functions "^{p; /i^) which express the NS and 
R Cardy states as superpositions of Ishibashi states belonging to normalizable representations: 

d{h;±,C\ = 2 r ^^±{p;h^U{p;±,C\, 
Jo Ztt 

\h;±,0)c = 2^"^b;±,C))i^Up;M- (3-i7) 

Here we have taken care for the equivalence of representations with momentum p and —p. The 
Ishibashi states are normahzed to satisfy 

i((p,+,C|e--(^o+^o-i^)b',+,0)i = 2n5{p-p')x%s)i^c), 
-, C I e--(^o+^o-i^) \p', -, C'))i = V2n5ip - p')x%){r,)- 

We also assume that ^^^(p; = '^±{—p] h^^). 

There is one important notice regarding the equivalence of R Ishibashi states under the 
reflection p —>■ —p. Recall that the highest weight states in the R sector can be created by 
multiplying a spin operator onto the vacuum. Therefore, if we write the R Ishibashi states as 
in (p.lO| ), we obtain 

CI = - C (%72+iv + (descendants), 



C))i = Qq%^^p) - C %n-^p) + (descendants). (3.19) 



'Ql2-ip 



As a consequence, if C = +1 there arises a minus sign in flipping the sign of p. Hence the 
wave functions for R Cardy states should depend also on how the supercurrents in the left- and 
the right sectors are glued: they must be odd functions of p for C = 1 ^-^id even functions for 
C = — 1. On the other hand, there is no such subtleties for NS Ishibashi states so that one may 
well expect that the NS wave functions do not depend on C,. 

The open/closed duality for annulus partition functions together with the obvious fusion 
relation A/'(i = 5^ yields 

*+(p;mc)^+(-P;(1,1)c) = 7rcos(27rpM), 

\E'+(p; (r, s)(;)\E'+(— (1, 1)^) = 27r sinh(7rpr6) sinh(7rps/6), 

*_(p;m^)^_(-P;(1,1)c) = vr cos(27rpM), 

^_(p;(r,s)^)^_(-p;(l,l)^) = 27r sinh(7rpr6 + nn:^) sinh( ^ - ^) (3.20) 

Another equation comes from the fact that the wave functions '^±{p]hc) are proportional to 
the disc one-point functions of Vq_^^^ or Qqj^^^. Therefore they must be consistent with the 
reflection relations: 

^+{p- h^) = D(f + ip)^+{-p; h^), ^^{p; h^) = -C^(f + tp)^^{-p; h^). (3.21) 
These equations determine the form of almost all the wave functions: 
vi/+(p;(l,l)c) = 2^vri(/x7r7(f))-^^/''{^pr(-zp6)r(-f)}"\ 
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^+{p; (r, s)^) = -257r-5(^7r7(^))~*P/^ ■ ipT{ipb)TC{) smh(7rpr6) sinh(7rps/6), 

^+{p;u^) = -2-^ n-^fnr^{f))-'P/^ ■ipT{ipb)T{f) cos{27rpu), 
vl/_(p;(l,l)_) = 2^vri(/i7r7(f)r^/''{r(i-^p6)r(i-f)}"\ 
vl/_(p;(r,.)_) = 2^7r-^(/i7r7(f))-^^/'T(i + zp6)r(i + f) 

X sinh(7rpr6 + sinh(2f - ^n:^), 
= 2-i7r-5(;,vr7(f ))-'P/^r(i + ^p6)r(i + f)cos(27rpM). (3.22) 

All we are left with is the R wave functions \E'_(p; However, due to the requirement 
that they must be a product of Gamma functions multiplied by an odd function of p, one can 
actually find no analytic expressions for them. Consequently, one should conclude that the R 
wave functions cannot be found by analyzing the modular property. They will be proposed later 
by an analysis of one-point function on a disc and, moreover, we will find that the degenerate 
Cardy states (r, s)^ must satisfy r + s = even(odd) for ( = — 1(+1). If we accept this, the 
absence of (1,1)+ state explains why we could not find the wave functions the Cardy states 
with C = 1 from the modular property. 

It might seem strange that one can find the R Cardy states with ^ = — 1 only, because 
naively one tends to think that the two choices for the boundary conditions on supercurrent 
should be equivalent. However, it turned out that the two choices are actually inequivalent and 
affects the parity of the wave functions under the sign-change of the momentum p. 

3.2. One-point functions of bulk operators 

Let us try to reproduce these wave functions from a different approach, by calculating the 
one-point functions on a disc. We define various one-point structure constants by the equations 

m^))u, = U.{a,e;u^)\z-zr'^^--l. (3.23) 

The one-point functions of spin fields (6a~^) always vanish because we restricted the R bound- 
ary states to have even total chirality in (|3.10| ). The periodicity of supercurrents when we go 
around the boundary of the disc is unambiguously determined by how many spin fields are 
inserted on the disc. All the other one-point functions are zero or obtained by superconformal 
transformations from the above ones. For example, the one-point function of descendants in 
the NS sector is given by 

(ipijV^iz))^ = iC ■ {Q - a)a-^U+{a;u<^)\z - z\-'^''"-\ (3.24) 

and the one-point functions of spin fields depend on the index e in the following way: 

(0"(^))„, = -C(er'-^(^))^^, (3.25) 
in consistency with the previous analysis of modular property. 
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To obtain the one-point structure constants, we derive a set of recursion relations for them 
from the solution of differential equation for two-point functions with one degenerate operator. 
Let us first consider 



X |c+(a)f/_(« - I, e; u^)r,'f (1 - r^y'^+lpi^ + ihp^, 1 + ibpa, v) 
+C_(a)f/_(a + |, -e; - - ibp^, i^, 1 - tbp^; r/)| , (3.26) 

where r] = j^E^ cind C±{a) are the OPE coefficients defined in ( p.25| ). The coefficients are 
chosen so that the behavior when the two bulk operators approach each other agrees with the 
OPE analysis. On the other hand, when 6"{,y2 approaches the boundary, it should be expanded 
as a discrete sum of boundary degenerate operators: 

0-6/2(^) ^ h - w\''^^-'^''^^-'^^r+ipB_hiw) + \w- w\-^^-^/^-^r_Bo{w) (3.27) 

with certain coefficients r±. Comparing this with the behavior of the solution around r/ ~ 1 we 
obtain a recursion relation: 



r{ba - 62)r(i^) 

r(3±^^ - 6a)r(-62^ 



+C_(a)^_(a + I, -e; u^) '^^^ _ ^^^^^^l^^ = r_(e, C)t/+(a; n^). (3.28) 

The coefficient r_ can be calculated using free fields 

r_ = -aby.B\w - w\-'^-'^ J dx (Q%,^{w)^ljBb{x)BQ{y)) = -^T,fbiiBT{-b'')V{^)-\ 

(3.29) 

where f is related to the free field correlator on a disc: 

{il){x)a'\w)) ^ = 2~^/^af{e,C)\x -w\~^\w - w\l . (3.30) 

For this correlator to be non-vanishing, we have to identify a'^ with on the real axis up to 
some constants. 

Another recursion relation can be obtained from the analysis of the correlation functions of 
two spin fields on a disc: 

2i (e:^/7(z)e;^(u;)^ = \z - w\~^^'-''/'~-i\w - 101-^^"^+^^'-"/^ x 



[-2iCC+{a)U+{a - |; Mc)^o(Pa,P-|, -Pc.; ^) 

+ C-{a)U+{a + |;Mc)^3(Pa,P_|, -Pa]^)] , (3-31) 



2 

where 77 = and the coefficients are determined from the consistency with the OPE of 

two spin fields, as before. Note that there seems to be another possibility of writing down 
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the solution using Gi{pa,P-b/2,Pa) instead of Gi{Pa,P-b/2, —Pa)- However, it will not lead to 
a recursion relation consistent with the analysis of modular property. As was discussed in 
the previous section, it seems that we must use appropriate solutions of differential equation 
according to the total chirality 

Around ~ 1 the above solution can be expressed as a certain linear combination of 
Gi{p-b/2,Pa, —Pa'A ~ v)- Note that all the four of them show up, as opposed to what one 
naively expects as a limit of 0!!ft/2 approaching the boundary. According to our observation in 
the previous section, this is due to the fact that we can only fix the total chirality, so that the 
correlator ^©!!fe/20a) actually mixed with (0!!ft/2®a~'^) with equal weights. 

The terms proportional to Q3{p-b/2,Pa, —Pa] ^ — v) can be identified with the contribution 
from the case where Q%/2 approaches the boundary and turns into the boundary identity 
operator. Thus we obtain a recursion relation 



V2r{ba - 62 - i)ri 



1-62 > 



r(i + f - 6Q;)r(-&2) 



+C.ia)U+ia + l;uc) '^^i ...Li-b^' - (3-32) 



Here a factor A"^ -^^g inserted, because the solution of the differential equation is actually a 
mixture of correlators as mentioned above and it is not known how they are mixed in generic 
solutions. 

Let us solve the system of two recursion relations. We first put the following ansatz: 

C/+ = -2-^7r-^(/.7r7(^))'^(a-§)r(6(a-§))r(|(a -§))[>+, 

[/_ = A2-W-^(/.7r7(f))^r(i + 6(a-f))r(| + i(a -!))[>_. (3.33) 

to simplify the recursion relation into the following form 

U-{a- ^,-e;u^) + U_{a + ^,e;ut^) = 2A"V(-e, CjAis^'+lo;; m^) cos ^) % 

-CU+{a - ^■,u^) + U+{a + l;u^) = 2X-^r{-e,C)l^BU-{a,e;u^) cos (3.34) 

The solution for ^ = —1 is given by 

[/+(«; ii_) = cosh(7r(2Q; — (5)it), 

U_{a,e;u_) = cosh(7r(2Q; — Q)^), 

1 /2 

/^s = -^( cos(Sv2) ) cosh(7r«6). (3.35) 
together with r(e, — ) = 1. The solution for C = +1 becomes 

U+{a;u+) — cosh{7r {2a — Q)u), 
tj-{a,e;u+) — esinh(7r(2Q; — Q)k), 

1 /2 

/^B = ^( cos('bV2) ) sinhinub). (3.36) 
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with the condition that f(e, +) = — e. The above conditions on f are met when we assume 
ip = —(ijj on the boundary (real axis). The results for ^ = — 1 agree with those obtained in 

Our result gives the relation between the label u of Cardy states and the boundary cosmo- 
logical constant fiB- Remarkably, the relation is different according to the choice of boundary 
condition on supercurrent. The one-point structure constants for spin fields also differ accord- 
ing to (. Although the corresponding wave function for R Cardy states with C = 1 could not 
be obtained from the modular property, it should be possible to account for this quantity using 
the modular property. 

Due to the subtlety in the correspondence between the solutions of differential equation and 
the correlators, we are left with an undetermined constant A. In later subsection we will see 
that A should be unity. However, we simply set A = 1 for the time being until we check it using 
the (3, 1) degenerate boundary operator. 



One-point functions for degenerate boundary states 



In the same way we can analyze the one-point structure constants for boundary states be- 
longing to degenerate representations. The main difference as compared to the previous analysis 
is that they have no interpretation in terms of boundary interaction term. For bosonic Liouville 
theory, it was found that the geometry of the open worldsheet becomes a pseudosphere]^], so 
that the boundary is infinitely far from generic points in the bulk. In this case, disc two-point 
functions are expected to factorize to products of one-point functions in the limit where the 
two operators approach the boundary. 

The recursion relations for degenerate boundary states are obtained by a simple modification 
of and (lO^ ): 

T{ba + 



f/_(-f,e)t/+(«) = C+{a)U4a-l,ey- 



b 

2' 



2' 



-e)f/_(a,e) 



(a) + 



-(C+{a)U+{a 



+C'_(a)[/+(a + |) 



)r(-6^ 

T{ba-b^)T{^) 
r(3±^-6a)r( 



' r(i 

T{ba ■ 



ba)T' 



62- 



T{ba - 62 - l)ri 



1-62 ^ 



2^ ^ 2 

2' 2iTa-ba)T{^^) 



(3.37) 



Assuming 



Uja) 



U(a,+] 



Uja 



(a-f)r(6(a-f))r(l(a-f)) 
(^Q.)Y(—^)T(——) ' 



2 /J 



26^ 



2 / J 



./6 r(i + &(«-f))r(| + i(a-f)) 
(-f)r(-f)r(-|) 



(3.38) 
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together with ( |3.25| ), they are simphfied to the following form: 



f/_(-|)f/+(a) = f/_(a-|)-C?7_(a + f), 



f/_(-|)f/_(a) = f/+(a-|)-Ct/+(a + |). (3.39) 
Solving them together with those obtained by 6 ^ i, we find the following solutions: 



UAa) 



sin[7r6r(a-f)]sin[f 
sin ^ sin ^ 



Tj (^^ _ ,+, sin7rr[| + bja - f )] smTTs[^ + Ija - f )] 



sm^sm 2^ 



where r, s are integers whose sum must be even for ^ = — 1 and odd for = +1. There exists 
an ambiguity of ± sign in front of f/_ as is obvious from the structure of the recursion relation. 
The minus sign was chosen from the consistency with the analysis of modular property. The 



results for ^ = — 1 again agree with |]T9[. By making a comparison with the wave functions 
obtained in the previous subsection, we find that the solutions of ( |3.37| ) can all be expressed in 
terms of them: 



U+{a; (r,s)^) 



vl/+H(a-§);(r,g)c) 



vl/_H( a-f);(r ,5)c) 
if we define the R wave functions for degenerate representations as follows: 



X sin[7rr(i + ipb)] sin[7rs(i + f )]. (3.42) 

The appearance of \l'+(^; (r, s)^) expresses that the one-point functions are normalized by the 
zero-point function with the same boundary condition. 

Our result for one-point structure constants for degenerate representations shows that we 
should associate the representations of NS(R) superalgebras to the boundary states with ( = 
— 1(+1). This property can also be observed by a detailed analysis of the boundary two-point 
functions. 

3.3. Two-point functions of boundary operators 

We would like then to find the expression for two-point functions of boundary operators on 
a disc. Equivalently, we shall find the boundary reflection coefficients d{j3\u,u') and d{P\u,u') 
defined by 

(-S/3)«^,„^ = c?(/3|mC''"c)(-^Q-/3)«c'"c' 
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Here the boundary states on both sides of the boundary operators are expressed by two pairs of 
{u, Q. To obtain these coefficients, all we have to do is to study the OPE of generic boundary 
operator with boundary degenerate operator ©1^/2 • Note that, as is the case with bosonic Liou- 
ville theory with boundary, the consistency with fusion algebra requires that the two boundary 
states appearing in the two sides of boundary degenerate operators should be related to each 
other. It is expected that the two boundary states {u, Q and {u', (') connected by ©1^/2 
related via 

±«±'«'=|, C' = -C (3.44) 

The condition is actually more stringent as we will see below by a detailed analysis. 
Let us consider the OPE formula 



b0 b(Q-l}) _ ^ 

\x-y\^c+- e^_6/2(2^) + k - y| 2 ac_ • Q~pX^/2{x) \ (3.45) 



{I 



and calculate the coefficients c±{l3,e\u,u\u"-X) using free fields. One finds c+ = 1 as usual, 
and that c_ is given in terms of free field correlators with one boundary screening operator 
inserted. The latter consists of three terms corresponding to three boundary segments, and we 
have to take the sum of these three carefully. The result reads 

c_{(3,t\u,u ,u" ,Q 

-b i T{i-bpnbp-f) 



%/2w(-6,c) I '^'^^^ r(i-f 



r(i-wxf) „ m - fnf) 



x/27rr^^(-e, C) ' 

X |— ie/xs cos ^ + ie/j.'^ cos7r(6/5 — ^) + fi'^ simib(3^ (3.46) 
where the coefficients such as r^^a represent the prefactors arising in front of free field correlators: 





-C,C 


raa{^,C)\x-y\ 


-1/8 








{a^(x)a-^(y)^iz))^^_ 


-c,c ^ 




-y?'^\y 


— z\ 


-^l''\x-z\ 


-1/2 


{a^{x)^{y)a-^{z))^_ 


^ 




- z\^/^\z 


-y\ 


-'/'\y-z\ 


-1/2 


{i^{x)a%y)a-%z))^^_ 


-c,c ^ 




- z\^/^\x 


-y\ 


~^l'^\x — z\ 


-l/2_ 



(3.47) 



There are some relations among them due to the requirement of the consistency with cyclic 
permutations and the analyticity in the upper half-plane with respect to the coordinate of ^0. 
Fixing them in the following way: 

l^a^ai^, ~1) _ -j^ ^a^paj^, 1) _ /g ^g-. 
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and calculating further we obtain 



2ieb 



TT 



X sin ^{iu' + iu + e/3) sin ^{iu' -iu + e/3), 



C = +i 



c_{(3,e\u,u'X) 



2ib 



TT 



(/x7r7(^))^r(l-6/3)r(6/3-^: 



X cos ^ {iu' + iu + ep) sin ^ ( w' -iu + ep) (3.49) 



under the assumption = — On the other hand, when u" = u' + ^ the coefficient c_ 
does not reduce to such a simple form. This reflects the fact that the boundary states {u, Q 
and {—u, Q are not strictly equivalent when C = 1- Hence it is expected that 



(n-f)_C,«c 



©~h/9 . (3.50) 

are the only boundary (2, 1) degenerate operators that are indeed degenerate. Combining the 
reflection equivalence with the OPE formula as in the spherical case we obtain the following 
recursion relations 



d{P+'^,-e\uc,{u'-fU)(^4P,e\u,u',C) = d{P\uc,u'^). 
In the same way, let us consider the OPE 

f I I ^ / — 

Ux — y\ 2 c_^_ ■ Qi^tb/2y-^j ~r — y\ - 
and calculate the coefficients using free fields. One finds 

/ '^aa'4>i ^5 C) 



(3.51) 



HQ-0) 



P+b/2 



(3.52) 



c = 



-b Q-P 



r(i - 6/3)r(^)r(&/3 - f ) 



6Q^ 



27rr,,(e,C) /9 

X [raa^^{e,C)l^BCOs^ + rcra,p,p{e, Qi^'j^ COS 7r{bp - y) - r^^av(«^> C)a*b sin7r6/?| 

im_Rrii-bmf)m-f) 

j/^B COS ^ + /x'g cos7r(6/5 — ~ '^^/^s sin7r6/5| . (3.53) 



X 



Here we used the free field correlators 

{a'{xi)a'{x2)ip{yi)ilj{y2))^_^^^ 

^ raai,i,{eX) jxi - yi){x2 - 1/2) + {xi - y2){.X2 - Vi) 

2 \xi — — y2\^^'^\x2 — yi\'^^'^\x2 — y2\^^'^\xi — X2\'^^^\yi — 1/2 1 

{a'{xi)tlj{yi)a'{x2)ij{y2))^^_^^^ 

^ rai^ai^jeX) jxi - yi)ix2 - t/2) - (a^i - y2)iyi - X2) 

2 \xi - yi\'^/^\xi - y2\^^^\x2 - yi\^/^\x2 - y2\^^^\xi - x2\^/^\yi - y2\ 



(3.54) 
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Assuming again u" = u' — ^ , the coefficients can be rewritten further: 



C = +i 



c+(/?,e|M,M',C) 
c'_{(3,e\u,u',C) 

c+(/3,e|u,M',C) 
c'_{(3,e\u,u,C) 



(^vr7(f))^r(l-&/?)r(6/3-f) 



X cos + iu + e(3) cos ^(^m' - iu + e/5), 



2hQ-(3 

2 

^^(/.vr7(f))^r(i-6/3)r(6/3-f) 

X sin ^(m' + iu + e/3) cos ^(m' - m + e(3). (3.55) 



If we require that the reflection relation holds also for descendants ipBp, possibly with the 
coefficient different from that of the primaries 



(3.56) 



we obtain another set of recursion relations 



y^d'{P\u^,u'^)c'^{Q-P,e\u,u',() = c'_{P,e\u,u',Od{P + l,e\u^,{u'-fU). (3.57) 



It is straightforward to write down the solutions of the recursion relations ( |3.51| ) and ( |3.57| ) 
in terms of the functions G and S introduced in They are defined in the following way: 



logG(x) 
log S(x) 



°° dt 
T 

°o dt 
T 



-Qt/2 



-xt 



+ 



(1 -e-^*)(l-e-*/'') 2 '2 
2x-Q sinh[(a; - Q/2)t] 



t 2sinh[6t/2]sinh[t/26] 



(3.58) 
(3.59) 



The function G(x) has zeroes at x = —mb — nb ^ {m,n G Z) and no poles. The functions S 
and T are expressed in terms of G: 



S(x) = G(Q - x)/G(x), T(x) = G(g - x)G(x). 
The shift relations for G and S 

G{x + h) = G(x)(27r)-^6§-^^r(6x), G(x + i) = G(x)(27r)-56f-5r(x/6), 



(3.60) 



S{x + b) = S(a;)2 sin(7r6a;), 



s(x + i: 



S(x)2 sin(7rx/6) 



(3.6i; 



can be used to write down the solutions of the recursion relations. If we define the functions 
Gns, Gr and Sns, Sr by 



Gns(x) 



G(^)G(^), Gr(x) = G(^)G(^), 



Sns(x) = S(f)S(^), Sr(x) = S(2±^)S^^+^ 



(3.62) 



2 ^' 
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the solution becomes 

d{P\u_,u_) - 

d'{P\u_,u_) - 

d{P,e\u_,u'_^) - 

d{/3\u+,u'^) -- 

d'{P\u+,u'^) - 

d{j3,e\u-^,u'_) -- 



(/ivr7(f)6 



Gns(Q-2/3)Gns(2/3-Q)-^ 



Sns(/? + w + m')SNs(/3 — iu + m')SNs(/5 + iu — m')SNs(/? — iu — iu') 



GNs(Q-2/3)GNs(2/3-g)-i 



Sr(/? + iu + m')SR(/9 — i-u + zm')Sr(/5 + iu — iu')S-Ei{l3 — iu — iu') 



GniQ - 2/3)Gr(2/3 - Q)-^ 



Sns(/? + iu + ieu')S-^s{(3 — iu + ieu')SB^{(3 + iu — ieu')Sii{f3 — iu ~ ieu') 



(/ivr7(f)6 



GNs(Q-2/3)GNs(2/5-g) 



-1 



Sr(/? + iu + m')SNs(/? - m + m')SNs(/5 



m')SR(/? — m 



-(/i7r7(f)6 



Gns(Q-2/5)Gns(2/3-Q)-^ 



Sns(/? + w + m')SR(/? — iu + w')Sr(/5 + i-u — 'iM')SNs(/? ~ "iu 

Gr(Q - 2/5)Gr(2/3 - 



z6(/i7r7(f)6 



lU 



teu) 
(3.63) 



They satisfy the unitarity condition and are consistent with the equivalence of boundary states 
u and —u when ( = —1. Note also that the structure of poles of these quantities implies that we 
should identify ( = — 1(+1) boundary states with the representations for NS(R) superalgebras. 

From the above result one can easily read off that d and d' differ, and d does depend on 
e. This means that the reflection coefficients of boundary operators differ for each operators 
in a single supermultiplet at least if the transformation law is defined in a naive way. As 
a consequence, it follows that the supersymmetry transformation and the reflection do not 
commute. However, from the representation theory involving degenerate representations it is 
natural since, if we assume ( |3.50| ), it follows that different operators in a single (degenerate) 
supermultiplet connect two boundary states in a different way. As a simple example, let us 
consider how the two boundary states on the two sides of -B_f, or ipB-b are related to each other. 
If these operators are regarded as created by multiplying two degenerate operators 6^6/25 
only possibilities are 

[B-b\u±^,)„u,^ m^bl,,u,- (3-64) 
This is reasonable if we make comparison with the OPE relations 



[V-b] X K 



K^b] + [^^v^\ + K+b] , 

^^Va^b] + [Va] + 



(3.65) 



The generalization of this argument to higher degenerate representation is straightforward. 



Let us denote boundary degenerate operators as B_ 



kb-hb-^^ 



kb-hb- 



or 6" 



kb-hb-^ 



using two 



non-negative half-integers A;, h. Then the two boundary states with labels u and u' are related 
via 

u' = u + i{r - k)h + i{s - h)h-^ , {0<r<2k, 0<s<2h) (3.66) 
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where r + s must be even for B_kb-hb-^: ^_kb-hb-^ ^'^^ '4'B-kb-hb-^: Q.^b-zib-i- 

Of 

course this is merely a conjecture, and the consistency should be proven by a more detailed 
analysis of this model. 



Density of open string states 



The reflection coefficients can be regarded as phase shifts, so are related to the density of 
certain open string states through the formulae of the following form: 

1 d 



27ii ds 
1 d 

27ii ds 
1 d 



log d{^ + is\u(^,u'i^) = p{s\u(^,u'i^), 
log d' + is\u^,u'i^) = p'(s\u^,u'i^), 



2ni ds 



log d{^ + is, e\u(^,u'^) = p{s,e\u(;,u'^). 



(3.67) 



Using the integral expression for S and discarding terms independent of the labels u and u', 
some of them are given by 



p{s\u-, u'_) 



p'{s\u-, u'_) 



/oo 
dp 
-oo 



^2mps cosh(7r(5p) cos(27rMp) cos(27rM'p) 



dp 



,2-n-ips 



oo TT 



sinh(27r6p) sinh(27rp/6) 



oo e^'^*^*cosh7r(6 — 6 ^)pcos(27rMp) cos(27rM'p) 



/oo 
dp 
-oo 



dp 



,27rips 



oo 71 



sinh(27r6p) sinh(27rp/6) 
^+{p;u_)^l{p;u'_) - ^4p;u^)^1{p;u_) 



(3.68) 



This agrees with the analysis of modular property since the annulus partition function bounded 
by two Cardy states u_ and u'_ is given by 

/oo p 
^ ^ i2*+(p; y''-)xtim)(^c) + V2*_(p; ii_)*L(p; xi'_)xJ(R)(re) 

1 r°° r ( ■) 

^ 2 i-oo r ^^1^-' I^JnS) + X7(NS) I (^o) 

+ p'(s|li_, U'_) {xJnS) - X;(NS)} (^o 



(3.69) 



The other quantities can be written as 

2wips 



p{s\u+,u'^) 
p'{s\u+,u'^) 
p{s,e\u-,u'^) 



-oo TT 

°° dp 



J-oo TT 



oo 

oo 



dp 



p{s,e\u+,u'_) = / — 



oo TT 

~ dp 



,2iTips 



^2mps 



,27Tips 



oo 7T 



*+(p;ii+)*Up;iiV) - ^4p;u+)^1{p;u'+) 
^+{p- u.)^l{p; «'+) + e*_(p; M_)^'l(p; «'+) 



if we assume that the R wave function for = 1 is given by 

*_(p;ii+) = i2-57r-^(At7r7(§))-'P/''r(| + ip6)r(i + f ) sin(27rpii). 



(3.70) 



(3.71) 
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Hence, in all the cases the phase shifts give the density of open string states with definite 
worldsheet fermion number. This also suggests that the wave function for R Cardy states with 
is given by ( ^.71] ), in consistency with the analysis of one-point structure constants. 

Bulk and boundary cosmological constants 

As a further check, let us consider the OPE of boundary operators involving (3, 1) degenerate 
representation. Above all, the OPE coefficients involving them depend on both of fi and fiB- 
The consistency with the previous arguments fixes the constant A which was left undetermined. 

Let us consider the OPE relation 

- c+ [5,-4;^'..^ + ^0 i^B,l'l,u, + (3-72) 

with u" = u' + ib, and use c± to derive another recursion relation for boundary reflection 
coefficient. Here again c+ = 1, so we concentrate on the calculation of c_. There are largely 
two contributions to c_, which are proportional to fi and fi%, respectively. Calculating first the 
contribution proportional fi using free fields, one finds 

2nb\ J d^z\z\-^^'^\l - zf'\z - z\~^'-^ = -2fib\losm{TTb^) sin^nb/S) (3.73) 

where Iq is given by 

^0 = - o .2 ^(1 - bP)ni - f - bp)TmT{bp - f ). (3.74) 

ZTT Sm TTO^ 

There are six contributions proportional to fi%, since there are six ways of inserting two bound- 
ary screening operators onto the boundary divided into three segments. Restoring A, they are 
summarized into the following form 

6^ Jo |— Aifi sin(7r6^) cos ^ — /i'^^ sin(7r6/9) cos7r(6/9 — y) + I^'b"^ sm{7rbf3) cos7r(6/3 + y)} 
+2b^Io sin ^ [fiBt^B cos ^ cos 7r(6/5 - f ) - fiBf^B cos ^ cos 7r(6/3 + f ) 
+IJ''bI-'''b cos tt (6/3 — ^) cos TT (6/3 + y)} 

(C = -i) 

= -2fx\%'^Io sin(7r62) {shr^inbp) + 4 sin f (m' + iu + P) sin ^{iu' - iu + p) 

X cos Yiiu' + iu + (3 + b) cos ^i^u' -iu + (3 + b)} 

(C = l) 

= +2i2X%'^Io sin(7r62) [sin^inb/S) - 4 cos ^{iu' + iu + /3) sin ^{iu' - iu + /3) 

X sin !f{iu' + iu + f3 + b) cos ^(m' - iu + (3 + b)} . (3.75) 

One can see that when A = 1 there are some cancellation between the contributions from the 
bulk and the boundary, and the result for c_ yields a recursion relation for d{P\u(;, u'^) consistent 
with the analysis using 61^/2- 
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4. Concluding remarks 



In this paper the = 1 super Liouville theory was analyzed on a sphere and on a disc. 
The analysis was based on the approach developed in |I|, ^ for bosonic Liouville theory. 

Various quantities were obtained in a form very similar to the bosonic case. However, there 
are some new features in = 1 theory largely due to the fermionic nature of screening oper- 
ators. As one of the consequences, the reflection of spin fields are always accompanied by the 
flip of the chirality. We also presented all the solutions of differential equations for four-point 
functions containing one degenerate spin operator Olf,/2- For four-point functions of four spin 
fields, the differential equation become of the fourth order and there are therefore four indepen- 
dent solutions in apparent contradiction with the assumption that the product of Bl^^g with 
any operators is decomposed into two discrete terms. However, our solutions obey a special 
transformation property under the change of basis so that the crossing symmetric combination 
of the left and the right sectors can be identified with a particular sum of four-point functions 
of spin fields. 

Contrarily to the bosonic case, the analysis of modular property of annulus partition func- 
tions was not sufficient to obtain all the wave functions that define Cardy states. It was also 
found that the two ways of putting boundary condition on supercurrent leads to two boundary 
states which differ in quite a non-trivial way. Indeed, we were unable to find the R Cardy 
states with C = 1 from the modular analysis. We found the wave functions for them through 
the analysis of disc one-point functions and found the correspondence between ( = — 1(+1) 
boundary states and the representations of NS(R) superalgebras. 

The two-point functions of boundary operators were also obtained and the density of open 
string states which can be read off from them were shown to be consistent with the analysis 
of modular property. Remarkably, the reflection coefficients for boundary operators depend on 
the label of boundary states in such a way that they are different for different components in 
the same supermultiplet. To understand this we need a more detailed analysis of the property 
of boundary operators. 

Our analysis have shown that the non-compact superconformal theory with boundary can 
be analyzed using the techniques developed in the analysis of bosonic theory, if an appropriate 
care is taken. It would then be interesting to analyze similar superconformal theories or those 
with higher worldsheet supersymmetry in the same way. 

Note added 

For disc one-point functions, after the submission of this paper we were informed of the 
preceding analysis ||19| which covers the ( = —1 case of our result. 
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